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1. Introduction 

Recently a prescription for the construction of new Poisson brackets from the bracket with a 
definite Grassmann parity was proposed Q . This prescription is based on the use of exterior 
differentials of diverse Grassmann parities. It was indicated in that this prescription 
leads to the generalizations of the Schouten-Nijenhuis bracket [||, |||, |||, || || 0, ||, ||] on the 
both superspace case and the case of the brackets with diverse Grassmann parities. In the 
present paper we give the details of these generalizations. Here we also develop quite a 
number of generalizations for the differential analog of the special 1 Yang-Baxter equations. 

2. Poisson brackets related with the exterior differentials 

Let us recall the prescription for the construction from a given Poisson bracket of a Grass- 
mann parity e = 0, 1 (mod 2) of another one. 

A Poisson bracket, having a Grassmann parity e, written in arbitrary non-canonical 
phase variables z a 

{A,B} e = Ad z «uf(z)d zb B, (2.1) 
where d and d are right and left derivatives respectively, has the following main properties: 

g({A,B} e )=g A + g B + e (mod 2), 

{A,B} e = -(-l)(° A+t ^ B+ ^{B,A} e , 

1 Concerning terminology see, for example, lid]. 



(-l)^ + ^ 9 ^{A,{B,C} e } e = 0, 

(ABC) 

which lead to the corresponding relations for the matrix ujf 1 

9 (uf) =9a + 9b + e (mod 2), (2.2) 

u f = _(-l)(9a+ e )(^+ e )a; e 6a , (2.3) 
^2 {-l) {9a+e){9c+e) ojfd zd J e c = 0, (2.4) 

(abc) 

where d z a = d/dz a and g a = g(z a ), = g{A) are the corresponding Grassmann parities of 
phase coordinates z a and a quantity A and a sum with a symbol (abc) under it designates 
a summation over cyclic permutations of a, b and c. We shall consider the non-degenerated 
matrix uj® b which has an inverse matrix u: e ab ( — l) 9b<E (a grading factor is chosen for the 
convenience) 

(there is no summation over e in the previous relation) with the properties 

9(^ e ab ) =9a+9b + e (mod 2), 

< b = (-i) (9a+1)(fl > +1) u4, 

(abc) 

The Hamilton equations for the phase variables z a , which correspond to a Hamiltonian 
H e (g(H e ) = e), 

dz a 

— = {z a ,H e } e = ufd zb H € (2.5) 
can be represented in the form 

dzC1 _ , fibp, tt _ , ,ab d( d C H e) def . a . , . 

~dT ~ e d * bH * = ^ aK?y " ( " ' d ' H ^ (2 - 6) 

where d c (( = 0, 1) is one of the exterior differentials d or d 1: which have opposite Grass- 
mann parities and 1 respectively and following symmetry properties with respect to the 
ordinary multiplication 

d z a d z b = (-l) 9a9b d z b d z a , (2.7) 



d lZ a d lZ b = (-l)^ +1 ^ 9b+1 U 1 z b d 1 z 



(2.8) 



and exterior products 



d z a A d z b = {-iy a 9 b+1 d z b A d z a , 



(2- 



d 1 z a 7\d x z h = (-l) ( - 9a+1 ^ 9b+1 U 1 z b Ad 1 z a . 



(2.10) 



We use different notations A and A for the exterior products of d z a and diZ a respectively. 
By taking the exterior differential d c from the Hamilton equations (|2.5|), we obtain 



d(d ( z a ) 
dt 



t)W^ + (-l) C{9 » +e) u?dAdtH e ) d = f (d ( z a ,d <He ) e+c . (2.11) 



d(d c z 



As a result of equations ( |2.6| ) and ( |2.11 ) we have by definition the following binary com- 
position for functions F and H of the variables z a and their differentials d ( z a = yj? 



(F,H) e+c = F\d z o d y , +(-!)<(*.+«) ^ w «6 ^„ 



(2.12) 



By using relations (2.2)-(2.4) for the matrix oof 1 , we can establish the following properties 
for the binary composition Q2.12j ) 

g[(F,H) e+c ]=g F + g H + e + C (mod 2), 
(F,H) e+c = -(-l)^ + ^ H+ ^(H,F) e+0 

(-l)(9E+e + 0( 9 H+e + {E: (F , ) £+c ) e+c = 0, 

(EFH) 



which mean that the composition ( |2,12| ) satisfies all the main properties for the Poisson 
bracket with the Grassmann parity equal to e + £. Thus, the application of the exterior 
differentials of opposite Grassmann parities to the given Poisson bracket results in the 
brackets of the different Grassmann parities. 

By transition to the co-differential variables y^ +c , related with differentials y? by means 
of the matrix oj® b 



EE 

o 
o 

o 
o 

[\3 

O 
O 
O 



the Poisson bracket ( 2.12| ) takes a canonical form 2 



dz a d„e+c 



-1) 



g a (ga+e+0 



H. 



that can be proved with the use of the Jacobi identity fl2.4|) . 



(2.13) 



(2.14) 



There is no summation over e in relation (2.13) 
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The bracket (§T|) is given on the functions of the variables z a , y® 

F = EV P '" 2/ " 1/ai ^ (z) ' 9(fa 1 ...a p )=9f+9a 1 +---+9a p , (2.15) 

V 

whereas this bracket, rewritten in the form ( |2.14| ), is given on the functions of variables z a 
and y c + ( 

F = E ^yZ l ■ ■ ■ y'a?f ai '" ttp (*)> 9(f ai - ap ) =9f + ep + g ai +---+ga p . (2.16) 

p 

We do not exclude a possibility of the own Grassmann parity gf = g(f) for a quantity /. 
By taking into account relation ( 2.13| ), we have the following rule for the rising of indices: 



-i 



fh...b P = ( _ 1)fc=1 *+i a;e pap ---a; e feiai /a 1 ...a p . 

Note that the quantities f ai ... a and f ai --- a p have in general the different symmetry and 
parity properties. 

In the case £ = 1, due to relations (|2.8|) , (|2.10|) , the terms in the decomposition of a 
function F(z a ,y^) into degrees p of the variables yf 

F = Y J ^ P ---y" 1 fa,..a P (z) (2-17) 

can be treated as p-forms and the bracket ( |2.12| ) can be considered as a Poisson bracket on 
p- forms so that being taken between a p-form and a q- form results in a (p + q — l)-form 3 . 
Thus, the bracket pl2| ) is a generalization of the bracket introduced in JT0| , |i~2| ] on the 
superspace case and on the case of the brackets ( |2.1| ) with arbitrary Grassmann parities e 

(6 = 0,1). 



3. Generalizations of the Schouten-Nijenhuis bracket 



If we take the bracket in the canonical form ( 2.14| ), then we obtain the generalizations 



of the Schouten-Nijenhuis bracket |, § (see also g §, |, ^, g g 0) onto the cases of 
superspace and the brackets of diverse Grassmann parities. Indeed, let us consider the 
bracket ( |2.14| ) between monomials F and H having respectively degrees p and q 

F = p\yZ c ■ ■ ■ 2/at c / ai - ap g(f ai - ap ) = gf + pe + g ai + --- + g ap , 



H = -< C • • • yZ C h ai - a "(z), g{h a ^) =g h + q e + g ai +-..+g aq . 



3 Concerning a Poisson bracket between 1-forms and its relation with the Lie bracket of vector fields see 
in the book Q. 



Then as a result we obtain 



p\{q-l)\ 

x <1 • • • OS' • ■ ■ {f" P dj) h b - b ^ 1 

^_l)(S!+ e +C)(9/+pe+9a 2 H t-9a p )+[9t 1 H hS6 8 +?(e+C)][S/+e+(p-l)C] 

(p-i)!g! 

x < c • • • y^ c < c • • • yZ c f la2 ~ a *d zl h b ^. (3.1) 
3.1 Particular cases 

Let us consider the formula ( |3.1| ) for the particular values of e and £. 

1. We start from the case which leads to the usual Schouten-Nijenhuis bracket for the 
skew-symmetric contravariant tensors. In this case, when e = 0, £ = 1 and the matrix 
WQ b (x) = — u>Q a (x) corresponds to the usual Poisson bracket for the commuting coordinates 
z a = x a , we have 

f_l)(?-i)(fl/+p) , _ 



(F,H)l = p\{q-l)\ Vr^A-^i (/ ai "' aP datjh*™**- 1 
f_nff/(9+l)+g(p-l) 

- (p-i) !g! ^•••©^©^•••@a 2 /' a2 - ap ^ /il - 9 - (3-2) 

where O a = are Grassmann co-differential variables related owing to ( |2.13| ) with the 
Grassmann differential variables a = d x x a 

When Grassmann parities of the quantities / and h are equal to zero gj = g^ = 0, we 
obtain from (|3.2| ) 

(F, H)\ = (-1)^)1+1®^ . . . e a2 [F,Hr- a ^, (3.3) 

where [F, H] a2 "' ap+q are components of the usual Schouten-Nijenhuis bracket (see, for ex- 
ample, (8|) for the contravariant antisymmetric tensors 4 . This bracket has the following 
symmetry property 

[F,H] = (-ir[H,F] (3.4) 

and satisfies the Jacobi identity 

£ (-ir s [[F,H],E}=0, (3.5) 

(FHE) 



4 Here and below we use the same notation [F,H] for the different brackets. We hope that this will not 
lead to the confusion. 



where s is a degree of a monomial E. 

2. In the case e = £ = and Wg 6 (:c) = — u b ) a (x) we obtain the bracket for symmetric 
contravariant tensors (see, for example, jjj) 

(f, h) = ^ry vL, ■ ■ ■ y° bl yl P ■ ■ ■ y° ai (a*/" 1 "*) h b - b ^ 1 

- (^T)^T< • • • « • • • y° a J la2 - ap d xl h b ^ d = f y° ap+q ■ ■ ■ y° a2 [F, 

where commuting co-differentials y° connected with commuting differentials = d x a in 
accordance with ( 2.13| ) 



y a o = yU a 

and the bracket [F, H] a2 '" ap+q has the following symmetry property 

[F,H]=-(-iyf^[H,F] 

and satisfies the Jacobi identity 

(-l) 9egh [E,[F,H}} = 0. 

(EFH) 



3. By taking the Martin bracket []l3| ojQ b (9) = UQ a (9) with Grassmann coordinates 
z a = Q a (g a = 1) as an initial bracket (|2.1|), we have in the case C = f° r antisymmetric 
contravariant tensors on the Grassmann algebra 

(F '^ )o = p!( g -l)! e Vi-" e ^ e ^-'- e ^(/ Ql - ap d e i)h b ^ b ^ 1 
(_l)(g-i)s/+p , 



where the Grassmann co-differentials a related with the Grassmann differentials Q a as 

d e a = e a = e b oj b a . 

The bracket [F, H] has the following symmetry property 

[F,H]=-(-l)W»[H,F] 

and satisfies the Jacobi identity 

£ [F,fl]] = 0. 



4. By taking the Martin bracket again, in the case ( = 1 

d x Q a = x a = x b u b a 
we obtain for the symmetric tensors on Grassmann algebra 

{F ' H)l = p]( q 1 -l)\ Xb ^--- Xb ^--- Xa ^ fai ''' ap dei)h bl - b «- 11 



(v — Dial Xbq ' ' ' XblXa p ' ' ' Xa2 ^ 2 v ®o l h 1 



( P -l)lq 
= x ap+q ---x a2 [F,Hr- a * +«. 



The bracket [F, H] has the following symmetry property 

[F,H] = -(-l)(f/+P+ 1 )(^+'?+ 1 )[if,F] 
and satisfies the Jacobi identity 

(-l)^ +s+1 ^+^[E,[F,H]} =0. 

(EFH) 

5. In general, if we take the even bracket in superspace with coordinates z a = (x,9), 
then in the case ( = 1 we have 



I — 1 ) (f b i + " ' +9b q _ i +<? - 1 ) (9f +9 1 +p) 

( f,h) 1 = { -^ _ _ y 1 bq _ 1 ---y 1 bl y 1 ap ---y 1 aAf ai - ap d zl )h b - b ^ 1 



( _ 1 (ffi + 1 ) (9/ +9«2 H h 9"P )+ (9bi H ^9b q +q) (9f +P~1) 

- — (^rry^ < • • • • • • vU la2 - ap 9 z 'h bl - 



where 

d lZ a = = ylu ba . 
The bracket [F, H] has the following symmetry property 

[F,H] = 
and satisfies the Jacobi identity 

(-l) i9E+s+1)i9h+q+1) [E,[F,H]} =0. 

(EFH) 

6. In the case of the even bracket in superspace as initial one with ( = 0we obtain 

C_1 \(9b 1 +-+9b q _ 1 ){9f+9l) ^_ 



-7- 



( _ 1 ) 9l (9f +9a 2 H \-g ap )+9f (ffbj +• ■ 



(p-l)!g! 



def 



. n [F) ^a 2 ...a p+g) 



where 

j a _ a _ o 6a 
«o z — i/o — • 

The bracket [F, iT] has the following symmetry property 



[F,H] = -(-iyf^[H,F] 

and satisfies the Jacobi identity 



£ =0. 

(EFH) 

7. Taking as an initial bracket the odd Poisson bracket in superspace with coordinates 
z a , for the case ( = we have 



(_1)(9i+ 1 )(#/+P+9a 2 H l-9o p )+(s/-l)(96iH ^9b q +q) 



o 
o 

DO 
O 



C_i\(96 1 +-+96 9 _ 1 +9-l)(9/+9i) <_ 

(^)i = — — ^tt)! •••//,//,,,•••//,; : (/" ! ; - d zl )h»- b ^ 1 



O 



(p-l)!g! 

x < • • ■ « • • • yU la2 - ap 9A bl - bq = vl p+q ■■■yi 2 [f, Br-"**, 

o 

where 

<i z a = y a = y\J[ a . 
The bracket [F, H] has the following symmetry property 

[F,H] = 
and satisfies the Jacobi identity 

(-l)C»« +1 )^ +1 )[£7,[F,fl]] =0. 

8. At last for the odd Poisson bracket in superspace, taking as an initial one, we obtain 
in the case £ = 1 

(F,#) = (-l)(*i+-+*,-i)fa>/-H») [ - yl qi . . . ^ . ■ ■ ^ a.O^ 1 - 6 - 1 



- 8 - 



= y a p+q ---yU F , H r- ap+q , 



where 



j a a ,ba 

diz = y 1 = y h ui ■ 



The bracket [F, H] has the following symmetry property 

[F,H] = -(-l)(3f+p)(9h+q)[ HjF } 

and satisfies the Jacobi identity 

(-l)^' +8 ^ + ^[E,[F,B\]=0. 

(EFH) 



Thus, we see that the formula ([O]) contains as particular cases quite a number of the 
Schouten-Nijenhuis type brackets. 

4. Generalizations for the differential analog of the special Yang-Baxter 
equations 

The bracket ( |2.12| ) for the monomials F and H having respectively degrees p and q and 
expressed in terms of the variables has the form 

(_1)[^1 H hS6 IJ _ 1 +(c?-l)C](c?/+e+pC+ffn) 

{F ' H)e+C = ^1)! 

bq—l a M„, a P „, a l If *P> I , J- n \ 



x y"r ■ ■ ■ y?y? ■ ■ • y c ai [f ai ...a p d zl ) ^ e n h bl ... bq _ in 

(_!)(9i'i+---+S , f' 9 +gC)[9/+e+(p-l)C]+C(9i+<:)+(C+9i)(9/+9;+9a2 + "'+5 ,a p) 

+ (p-m 

x y b c q ■ ■ ■ y?y? ■ ■ ■ y? fi m ...a p u l rd z nh bl .„ bq 

(_ 1 dsb 1 +---+0& g _ 1 +(g-i)C](9/+^ 
+ (p-l)!(?-l)! 

x yr 1 ■ ■ ■ y^yT ■ ■ ■ yf fia 2 ...a p {d zl J?) h bl ... bq _ in . (4.1) 



The formulas ( |3.1[) and ( |4.1| ) in particular case when F = H = S and the degree of 
the monomial S is equal to two 



take the following form 



(5,5) 



.0.20.3 



_ ( 1 )( fl ^+ g . a )( g .+C)+C( g .+ g «-fe)+ g »( g .+l)yg»y^y»l f (-1) (9 °2 +fl °3>' [(-l)^+l + (-l)C] 

XS^U^"^ + (-l)9a 2ff! +9a 3 e+C Saii (d^J") s nas } . (4.2) 

In order that the tensor s ab in ( |4.2| ) itself should be a matrix for the Poisson bracket 

(F,H) = Fdz* s ab {z) d zb H 
and therefore satisfies the Jacobi identity, the bracket ( |4.2| ) for 5 has to be equal to zero 

(5,5) e+f = 0. (4.3) 

4.1 Particular cases 



In two cases g s = 0, e + £ = and g s = l,e + £ = l relation ( f4,3| ) is satisfied identically 
because of the symmetry property of the bracket fl4.2j ). 

1. When g s = 0, e = and £ = 1 we have the superspace generalization for the 
differential analog of the special Yang-Baxter equations 



(5,5)! = (-1)^+^3^! SailU frd z n Sa2a3 + (-l) 9l ^S ai l (d z W Q n ) S 



0. 



2. In this case if z a = x a are commuting coordinates and variables c?iX a = = 9 a are 
Grassmann quantities, we obtain the well-known differential analog of the special Yang- 
Baxter equations (see, for example, [it]] ) 



(5, 5) x = a *6 a *e ai s ail u l n d x ns a2a3 + s ail ( d x a 2 cv l n ) s 



In 



'na3 



0. 



3. If z a = 9 a are Grassmann coordinates, variables y® = d^ 11 = x a are commuting 
and the symmetric matrix loq 3 corresponds to the Martin bracket fl~3[| , we have some gen- 
eralization on Grassmann variables for the differential analog of the special Yang-Baxter 
equations 



(5, 5)i = x a3 x a2 x ai s ail J n d e ns a2 a 3 - s ai i {d e a 2 uo^ ) s na ., 
4. In the case g s = 0, e = 1 and £ = we obtain 

(5,5)x = (-l) 9l y?y?y? \{-l)^ + ^s axl J?d z ns, 



0. 



(12 13 



(-l)«^2+^3 SaiZ (^ 2 4 n 







o 
o 

ISO 

o 
o 

[\3 

O 
O 
O 



that is another generalization of the above mentioned analog on the superspace case. 
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5. When g s = 1 and e = £ = 1 we have the third superspace generalization for this 
analog 



(s,s) Q = -(-iryTvTvT {-l) 9 ^ +9 ^s ail ufd znS 



'0203 



+ (-1)919*2+9*3 Sail I d z «iu{ n ) S , 



0. 



6. At last in the case when g s = 1 and e = £ = we have the fourth superspace 
generalization 

In N 



0. 



In the last case we have two sub-cases. 

6a) The first one when we take as an initial bracket ( |2,lD the usual Poisson bracket 
ujQ b = —uJq 1 , z a = x a are commuting variables and d z a = d x a = y® are also commuting 

(S, S) = yTvTvT s ai iuj l n d x ns a2a3 + s aii (d x « 2 Jg) s na3 = 0. 

6b) In the second sub-case we take the Martin bracket on the Grassmann algebra as 
an initial one: z a = 9 a are Grassmann variables, Wq 6 = u>Q a and d z a = d 6 a = @ a are also 
Grassmann quantities. In this sub-case we have 



(5, 5) = e a3 e a2 e ai 



s ai i^ l o de n s 0,20.3 — Sail [ d$ a 2 uiq 1 j s Ti 



0. 



Thus, we obtained quite a number of generalizations for the differential analog of the 
special Yang-Baxter equations. 

5. Conclusion 

We give the prescription for the construction from a given Poisson bracket of the definite 
Grassmann parity another bracket. For this construction we use the exterior differentials 
with different Grassmann parities. We proved that the resulting Poisson bracket essen- 
tially depends on the parity of the exterior differential in spite of these differentials give 
the same exterior calculus . The prescription leads to the set of different generalizations 
for the Schouten-Nijenhuis bracket. Thus, we see that the Schouten-Nijenhuis bracket and 
its possible generalizations are particular cases of the usual Poisson brackets of different 
Grassmann parities ( p.!4| ). We hope that these generalizations will find their own appli- 
cation for the deformation quantization (see, for example, fi |l4|) as well as the usual 
Schouten-Nijenhuis bracket. 

We also proposed a lot of generalizations for the differential analog of the special Yang- 
Baxter equations. We also believe that these generalizations can be used for the description 
of integrable systems as well as the usual Yang-Baxter equations. 
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